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Abstract
It is known that all left-invariant pseudo-Riemannian metrics onH3 are al-
gebraic Ricci solitons. We consider generalizations of Riemannian H-type,
namely pseudoH-type and pH-type. We study algebraic Ricci solitons of
left-invariant Lorentzian metrics on 2-step nilpotent Lie groups of both
types.
1 Introduction and preliminaries
The concept of an algebraic Ricci soliton was first introduced by Lauret in the
Riemannian case [11]. The definition extends to the pseudo-Riemannian case:
Definition 1.1. Let (G, g) be a simply connected Lie group equipped with a
left-invariant pseudo-Riemannian metric g, and let g denote the Lie algebra of
G. Then g is called an algebraic Ricci soliton if it satisfies
Ric = c · Id +D (1.1)
where Ric denotes the Ricci operator, c is a real number, and D ∈ Der (g) (D is
a derivation of g), that is:
D[X ,Y ] = [DX ,Y ] + [X ,DY ] for any X ,Y ∈ g.
In particular, an algebraic Ricci soliton on a solvable Lie group (a nilpotent Lie
group) is called a solvsoliton (a nilsoliton).
Obviously, Einstein metrics on a Lie group are algebraic Ricci solitons.
Remark 1.2. Let G be a semisimple Lie group and g a left-invariant Rieman-
nian metric. If g is an algebraic Ricci soliton, then g is Einstein ([11]).
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Next we introduce Ricci solitons. Let g0 be a pseudo-Riemannian metric on
a manifold Mn. If g0 satisfies
̺[g0] = c · g0 + LXg0 , (1.2)
where ̺ denotes the Ricci tensor, X is a vector field and c is a real constant,
then (Mn, g0, X, c) is called a Ricci soliton structure and g0 is the Ricci soliton.
Moreover, we say that the Ricci soliton g0 is a gradient Ricci soliton if the
vector field X satisfies X = ∇f where f is a function. The Ricci soliton g0 is
said to be a non-gradient Ricci soliton if the vector field X satisfies X 6= ∇f for
any function f . If c is positive, zero, or negative, then g0 is called a shrinking,
steady, or expanding Ricci soliton, respectively. According to [5], we check that
a Ricci soliton is a Ricci flow solution.
Proposition 1.3 ([5]). A Riemannian metric g0 is a Ricci soliton if and only
if g0 is the initial metric of the Ricci flow equation
∂
∂t
g(t)ij = −2̺[g(t)]ij ,
and the solution is expressed as g(t) = c(t)(ϕt)
∗g0, where c(t) is a scaling pa-
rameter, and ϕt is a diffeomorphism.
This propositon extends directly to the pseudo-Riemannian setting.
Theorem 1.4 ([11, 15]). Let (G, g) be a simply connected Lie group endowed
with a left-invariant pseudo-Riemannian metric g. If g is an algebraic Ricci
soliton, then g is a Ricci soliton; that is, g satisfies (1.2) so that
X =
dϕt
dt
∣∣∣
t=0
(p) and exp
(
t
2
D
)
= dϕt|e,
where e denotes the identity element of G .
In the Riemannian case, Ricci solitons on homogeneous manifolds are alge-
braic Ricci solitons (see [9]). However, in the Lorentzian case there exist Ricci
solitons which are not algebraic Ricci solitons on SL(2,R) (see [1]). Recall that
a Riemannian Ricci soliton on a semisimple Lie group is Einstein [11].
It is natural to consider the opposite of Theorem 1.4. A Riemannian mani-
fold (M, g) is called a solvmanifold if there exists a transitive solvable group of
isometries. Jablonski proved a Ricci soliton on a solvmanifold is isometric to
a solvsoliton (see [9]). All known examples of non-trivial Ricci solitons on ho-
mogeneous manifolds are algebraic Ricci solitons. In the Lorentzian case, there
exists a Ricci soliton which is not an algebraic Ricci soliton. Indeed, Batat and
Onda proved that there exist Lorentzian Ricci solitons which are not algebraic
Ricci solitons on SL(2,R).
It is known that all left-invariant pseudo-Riemannian metrics on H3 are al-
gebraic Ricci solitons. We consider generalizations of H-type, namely pseudoH-
type and pH-type. One class of examples of pseudoH-type is the generalized
2
Heisenberg groups H(p, 1) of dimension 2p+ 1 with negative definite center of
dimension 1. We can consider only pseudoH-type with nondegenerate center.
On the other hand, pH-type allows both nondegenerate and degenerate centers.
All H(p, 1) are also of pH-type.
Our main theorems are these.
Theorem 1.5. If (N, 〈·, ·〉) is of pseudoH-type with nondegenerate center, then
(N, 〈·, ·〉) has a nilsoliton.
Theorem 1.6. Let (N, 〈·, ·〉) be of pH-type with a left-invariant Lorentzian
metric. If (N, 〈·, ·〉) is a nilsoliton, then (N, 〈·, ·〉) satisfies one of following.
• If (N, 〈·, ·〉) has a nondegenerate center with the negative part, then the
dimension of the center is 1.
• If (N, 〈·, ·〉) has a nondegenerate and positive definite center, then dimN =
3.
• If (N, 〈·, ·〉) has a degenerate center, then dimN = 3.
The paper is organized in the following way. In Section 2 we collect some
basic facts concerning 2-step nilpotent Lie groups equipped with left-invariant
Lorentzian metrics. We introduce pseudoH-type and pH-type. In Section 3 we
consider nilsolitons of pseudoH-type and pH-type and prove the main theorem.
2 2-step Nilpotent Lie groups
Let (N, g = 〈·, ·〉, n) be a 2-step nilpotent Lie group with a left-invariant pseudo-
Riemannian metric g and Lie algebra n. We decompose n as in Section 2 of [7].
n = z⊕ v = U⊕ Z⊕V⊕ E
where z = U⊕ Z is the center of n with degenerate part U.
Definition 2.1. We define the involution ι by
ι =


O O I O
O Em O O
I O O O
O O O E¯n

 ,
where Em = diag(ε1, . . . , εm), and E¯m = diag(ε¯1, . . . , ε¯n). We define the oper-
ator J as
Jy = ad
′
•y,
and the operator j as
j(y) = ιad′•ιy,
for y ∈ n, where ad′ denotes the adjoint of ad with respect to g.
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The following are well known [7].
Proposition 2.2. We have
ι2 = Id
〈x, ιy〉 = 〈ιx, y〉
〈Jzx, y〉+ 〈x, Jzy〉 = 0
〈j(z)x, ιy〉+ 〈ιx, j(z)y〉 = 0
The next result was proved by Cordero and Parker.
Theorem 2.3 ([7]). Let N be a 2-step nilpotent Lie group with a left invariant
metric tensor 〈·, ·〉 and Lie algebra n = U⊕Z⊕V⊕E decomposed as in Section
2 of [7]. For all u ∈ U, z, z′ ∈ Z, v, v′ ∈ V, e ∈ E, and x ∈ V⊕ E, we have
̺(u, •) = 0
̺(z, z′) =
1
4
n∑
a
ε¯a〈j(ιz)ea, j(ιz
′)ea〉,
̺(v, z) =
1
4
n∑
a
ε¯a〈j(ιv)ea, j(ιz)ea〉,
̺(e, z) = 0
̺(v, v′) = −
1
2
m∑
α
εα〈j(zα)v, j(zα)v
′〉+
1
4
n∑
a
ε¯a〈j(ιv)ea, j(ιv
′)ea〉,
̺(x, e) = −
1
2
m∑
α
εα〈j(zα)x, j(zα)e〉,
where εα = 〈zα, zα〉 and ε¯a = 〈ea, ea〉.
2.1 H-type
Definition 2.4. Let (N, 〈·, ·〉) be a 2-step nilpotent Lie group with a left-
invariant Riemannian metric. If (n, 〈·, ·〉) satisfies
J2z = −〈z, z〉I
for all z ∈ z, then (N, 〈·, ·〉) is said to be of H-type.
The 3-dimensional Heisenberg group and all higher-dimensional Heisenberg
groups are of H-type. The next formulas are easily checked.
Proposition 2.5. If (n, 〈·, ·〉) is of pH-type, then the following identities hold:
〈Jze, Jze〉 = 〈z, z〉〈e, e〉,
〈Jze, Jze
′〉 = 〈z, z〉〈e, e′〉,
〈Jze, Jz′e〉 = 〈z, z
′〉〈e, e〉,
JzJz′ + Jz′Jz = −2〈z, z
′〉I.
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2.2 pseudoH-type
We consider one generalization of H-type.
Definition 2.6. Let (N, 〈·, ·〉) be 2-step nilpotent Lie group with a left-invariant
pseudo-Riemannian metric and nondegenerate center. If (n, 〈·, ·〉) satisfies
J2z = 〈z, z〉I
for all z ∈ z, then (N, 〈·, ·〉) is said to be of pseudoH-type.
We remark that a definition of pseudoH-type for a degenerate center is
not known. The 3-dimensional Heisenberg group with non-null center, and the
generalized Heisenberg groups H(p, 1) with negative-definite centers and left-
invariant Lorentzian metrics, are of pseudoH-type.
The following was proved by Ciatti.
Proposition 2.7 ([6]). Let (n, 〈·, ·〉) be of pseudoH-type. We have
〈Jze, Jze〉 = −〈z, z〉〈e, e〉,
〈Jze, Jze
′〉 = −〈z, z〉〈e, e′〉,
〈Jze, Jz′e〉 = −〈z, z
′〉〈e, e〉,
JzJz′ + Jz′Jz = 2〈z, z
′〉I.
for all z, z′ ∈ Z and e, e′ ∈ E.
2.3 pH-type
Here is another generalization of H-type.
Definition 2.8. Let (N, 〈·, ·〉) be 2-step nilpotent Lie group with a left-invariant
pseudo-Riemannian metric. If (n, 〈·, ·〉) satisfies
j(z)2 = −〈z, ιz〉I,
then (N, 〈·, ·〉) is said to be of pH-type [7].
The generalized Heisenberg groups H(p, 1) are also of pH-type; see [7].
The following was proved by Cordero and Parker.
Proposition 2.9 ([7]). Let (n, 〈·, ·〉) be of pH-type. We have
〈j(z)e, ιj(z)e′〉 = 〈z, ιz〉〈e, ιe′〉,
〈j(z)e, ιj(z′)e〉 = 〈z, ιz′〉〈e, ιe〉,
j(z)j(z′) + j(z′)j(z) = −2〈z, ιz′〉I.
for any z, z′ ∈ z and e, e′ ∈ v.
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3 Nilsolitons
Lauret [11] stated that all H-type have nilsolitons. The proof is similar to that
of Theorem 3.1.
3.1 Nilsolitons of pseudoH-type
We prove that most any pseudoH-type N has a nilsoliton. This is similar to
the Riemannian H-type case.
Theorem 3.1. If (N, 〈·, ·〉) is of pseudoH-type with nondegenerate center, then
(N, 〈·, ·〉) has a nontrivial nilsoliton.
Proof. Let (N, 〈·, ·〉) be of pseudoH-type with nondegenerate center. Then the
Lie algebra is decomposed as n = Z ⊕ E ( = z ⊕ v in Eberlein), and the Ricci
tensor is given by
̺(z, z′) = −
n
4
〈z, z′〉,
̺(e, z) = 0
̺(e, e′) =
m
2
〈e, e′〉,
where z, z′ ∈ Z = [[z1, . . . , zm]] and e, e
′ ∈ E = [[e1, . . . , en]]. So, the Ricci
operator is given by
Ric =

 −
n
4
Im O
O
m
2
In

 .
Lemma 3.2. If D satisfies
Dz = −
(
m+
n
2
)
z,
De = −
(m
2
+
n
4
)
e,
(3.1)
then D ∈ Der(n).
Let D be the derivation (3.1). Put c = m +
n
4
. It is easy to check that
(N, 〈·, ·〉) satisfies equation (1.1). Therefore this is a nilsoliton.
3.2 Nilsolitons of pH-type with nondegenerate center
Next, we consider pH-type with a nondegenerate center and nilsolitons. In this
subsection we consider only Lorentzian metrics with nondegenerate center, and
the center has the negative part 〈z1, z1〉 = −1. Since j(a)x ∈ E for any a ∈ Z
and x ∈ E, we have
̺(z, z′) =
1
4
n∑
a
ε¯a〈j(ιz)ea, j(ιz
′)ea〉,
6
=
1
4
n∑
a
ε¯a〈j(ιz)ea, ιj(ιz
′)ea〉,
=
1
4
n∑
a
ε¯a〈z, ιz
′〉〈ea, ιea〉,
=
n
4
〈z, ιz′〉,
̺(e, e′) = −
1
2
m∑
α
εα〈j(zα)e, j(zα)e
′〉,
= −
1
2
m∑
α
εα〈e, ιe
′〉,
= −
m− 2
2
〈e, ιe′〉.
The Ricci operator is given by
• if m ≥ 2,
Ric =


−
n
4
O O
O
n
4
Im−1 O
O O −
m− 2
2
In

 .
• if m = 1,
Ric =

 −
n
4
O
O
1
2
In

 .
We obtain
Theorem 3.3. Let (N〈·, ·〉) be of pH-type with nondegenerate center, and the
center has the negative part 〈z1, z1〉 = −1.
• If m = 1, then (N〈·, ·〉) has a nontrivial nilsoliton.
• If m ≥ 2, then (N〈·, ·〉) does not have a nontrivial nilsoliton.
Proof. Suppose that m = 1.
Lemma 3.4. If D satisfies
Dz =
(
− 1−
n
2
)
z,
De =
(
−
1
2
−
n
4
)
e,
(3.2)
then D ∈ Der(n).
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Let D be the derivation (3.2). Put c = 1+
n
4
. It is easy to check that (N, 〈·, ·〉)
satisfies equation (1.1).
Next, suppose m ≥ 2. Put
D := Ric− cId =


−
n
4
− c O O
O
(n
4
− c
)
Im−1 O
O O
(
−
m− 2
2
− c
)
In

 .
Since (N〈·, ·〉) is pH-type, we have [n, n] = [[z1, . . . , zm]]. Suppose [e, e
′] = z1
and [e′′, e′′′] = z2. From [e, e
′] = z1, if D ∈ Der(n) we obtain
c = −(m− 2) +
n
4
.
From [e′′, e′′′] = z2, if D ∈ Der(n) we get
c = −(m− 2)−
n
4
.
Therefore D ∈ Der(n) if and only if
c = −(m− 2), n = 0.
This happens if and only if N is commutative.
Remark 3.5. If E is positive-definite and the center is nondegenerate, we cal-
culate the Ricci operator and obtain
Ric =


−
n
4
Imq O O
O
n
4
Imp O
O O −
m− 2
2
In

 ,
where ε1 = · · · = εq = −1 and εq+1 = · · · = εm = 1 and m = p+ q. It turns out
that this is not a nontrivial nilsoliton. However, we consider only the Lorentzian
case.
3.3 Nilsolitons of pH-type with positive-definite center
Let (N, 〈·, ·〉) be Lorentzian, of pH-type, and with positive-definite center.
Proposition 3.6. dimZ+ 1 ≤ dimE.
Proof. Let {z1, . . . , zm, e1, . . . , en} be an orthonormal basis with 〈e1, e1〉 = −1.
Since (N, 〈·, ·〉) is of pH-type, we may put F¯i+1 := j(zi)e1 =
∑n
i=2 k
iei for some
constants ki. Put
e¯i :=
〈
Fi, Fi
〉− 1
2
Fi.
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Using e¯i as in Gram-Schmidt orthonormalization, we can construct a new or-
thonormal basis [[z1, . . . , zm, e1, e˜2 . . . , e˜n]]. We now write ei for e˜i. By the
preceding, for any α there exists α1 such that
j(zα)e1 = eα1 ,
j(zα)eα1 = −e1,
and j(zα)eβ does not have an e1 component for β 6= α. Let m(i) be the number
of ı¯ such that
j(zı¯)e1 = ei,
j(zı¯)ei = −e1,
for i = 1, . . . , n.
Lemma 3.7. m(1) = 0 and m(i) = 0 or 1.
Proof. From the definition, it follows that m(1) = 0. Let m(2) = 2. Then we
have α2, α¯2 such that
j(zα2)e1 = e2,
j(zα2)e2 = −e1,
and
j(zα¯2)e1 = e2,
j(zα¯2)e2 = −e1.
Then we obtain
〈j(zα2)e1, ιj(zα¯2)e1〉 = 〈e2, ιe2〉 = 1.
On the other hand, from Proposition 2.9 we find
〈j(zα2)e1, ιj(zα¯2)e1〉 = 〈zα2 , ιzα¯2〉〈e1, ιe1〉 = 〈zα2 , ιzα¯2〉.
Therefore zα¯2 = zα2 .
So, we change the order of our new orthonormal basis {z1, . . . , zm, e1, . . . , en}
so that 〈e1, e1〉 = −1 and
j(zα)e1 = eα+1,
j(zα)eα+1 = −e1.
If m + 1 = dimZ + 1 > dimE = n, we have j(zn)e1 =
∑n
a=2 h
aea for some
constants ha. Then for any i = 1, . . . , n− 1 we obtain
〈j(zn)e1, ιj(zi)e1〉 = 〈
n∑
a=2
haea, ιea+1〉 = h
i+1.
On the other hand, from Proposition 2.9 we get
〈j(zn)e1, ιj(zi)e1〉 = 〈zn, ιzi〉〈e1, ιe1〉 = 0.
Thus j(zn)e1 = 0. This is a contradiction.
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Theorem 3.8. (N, 〈·, ·〉) is a nilsoliton if and only if m = 1 and n = 2.
Proof. We use the orthonormal basis in Proposition 3.6. From Theorem 2.3, we
obtain the nonzero components of the Ricci tensor as
̺(zi, zi) =
1
4
n∑
a
ε¯a〈j(ιzi)ea, j(ιzi)ea〉,
=
1
4
{
ε¯1〈j(zi)e1, j(zi)e1〉+ ε¯i1〈j(zi)ei1 , j(zi)ei1〉
+
∑
a 6=1,i1
ε¯a〈j(zi)ea, j(zi)ea〉
}
=
1
4
(n− 4),
̺(ei, ei) = −
1
2
∑
α6=1,i1
〈j(zα)e1, j(zα)e1〉 = −
m− 2m(i)
2
,
for i = 1, . . . , n. The Ricci operator is then given by
Ric = diag
(
1
4
(n− 4),−
m− 2m(1)
2
, . . . ,−
m− 2m(n)
2
)
.
Put
D := Ric− c · Id.
For any i, j, we can put [ei, ej] = zij . If D ∈ Der(n) we find
1
4
(n− 4)− c = 2m− 2m(i)− 2m(j)− 2c.
If n 6= 2, this is incompatible. If n = 2, then m = 1 and (N, 〈·, ·〉) is the three-
dimensional Heisenberg group. We obtain c =
1
2
. This is a nilsoliton (see also
[15]).
3.4 Nilsolitons of pH-type with degenerate center
For Lorentzian nilsolitons of pH-type with degenerate center, we have a basis
{u, z1, . . . , zm, v, e1, . . . , en} with εi = 1 for any i = 1, . . . , n. Since this is of
pH-type, it is easy to check that n is odd. Put n = 2k + 1. Now we prove
Theorem 3.9. This is a nilsoliton if and only if n = 1. Moreover, we obtain
the flat metric on the 3-dimensional Heisenberg group.
Proof. As in the proof of Proposition 3.6, we construct a new basis
{u, z1, . . . , zm, v, e1, . . . , en}
with
j(u)v = e1,
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j(u)e1 = −v,
j(zi)v = ei+1,
j(zi)ei+1 = −v.
From Theorem 2.3, the Ricci tensor is given by
̺(u, •) = 0
̺(zα, zβ) =
1
4
n∑
a
ε¯a〈j(ιzα)ea, j(ιzβ)ea〉,
=
1
4
n∑
a
〈j(ιzα)ea, ιj(ιzβ)ea〉,
=
1
4
n∑
a
〈zα, ιzβ〉〈ea, ιea〉,
=
n
4
〈zα, ιzβ〉
̺(v, zα) =
1
4
n∑
a
ε¯a〈j(ιv)ea, j(ιzα)ea〉,
=
1
4
n∑
a
〈j(u)ea, j(ιzα)ea〉,
=
1
4
{
〈j(u)e1, j(ιzα)e1〉+
n∑
a=2
〈j(u)ea, j(ιzα)ea〉
}
,
= 0
̺(v, v) = −
1
2
m∑
α
εα〈j(zα)v, j(zα)v〉+
1
4
n∑
a
ε¯a〈j(ιv)ea, j(ιv)ea〉,
= −
1
2
m∑
α
〈eα, eα〉+
1
4
n∑
a=2
〈v, ιv〉〈ea, ιea〉,
=
n− 2m− 1
4
(if n ≥ 2)
̺(v, v) = 0 (k = 1),
̺(v, ei) = 0,
̺(e1, eb) = −
1
2
m∑
α
εα〈j(zα)e1, j(zα)eb〉,
= −
m
2
δ1b
̺(ea, eb) = −
m− 1
2
δab (a, b ≥ 2)
If n = 1, then we obtain the flat metric. Suppose n ≥ 2. Then we get the Ricci
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operator as
Ric =


0 0 −
n− 2m− 1
4
0 O
0
n
4
Im O O O
O O O O O
O O O −
m
2
O
O O O O −
m− 1
2
In


.
Put
D := Ric− c · Id.
From [v, e1] = u, if D ∈ Der(n) we find
c = −
m
2
.
From [v, e2, ] = z1, if D ∈ Der(n) we find
c = −
m− 1
2
.
This is incompatible.
3.5 Nilsolitons of pH-type with degenerate center in the
pseudo-Riemannian case
Next, we consider a degenerate center with a pseudo-Riemannian metric. It
seems we cannot calculate the Ricci tensor of pH-type with degenerate center
in any general or systematic way suitable for the present use. We can see
examples that are nilsolitons and others that are not.
Example 3.10. Let (H3, g3) be the 3-dimensional Heisenberg group with de-
generate center. This is of pH-type (see [7]) and flat (see [13] and [7]).
Example 3.11. We consider Example 2.6 (and 3.30) in [7], a 7-dimensional
Heisenberg group with the simplest quaternionic Heisenberg algebra. We take a
basis {u1, u2, z, v1, v2, e1, e2} with structure equations
[e1, e2] = z [v1, v2] = z
[e1, v1] = u1 [e2, v1] = u2
[e1, v2] = u2 [e2, v2] = −u1
and nontrivial inner products
〈ui, vj〉 = δij , 〈z, z〉 = ε, 〈ea, ea〉 = ε¯a.
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Theorem 3.12. This is not a nilsoliton.
Proof. The Ricci operator is given by
Ric =
1
2
εε¯1ε¯2


O
1
O
−I2

 .
Put
D := Ric− c · Id =


−cI2
1
2
εε¯1ε¯2 − c
−cI2
−
(1
2
εε¯1ε¯2 + c
)
I2

 .
From [e1, e2] = z, if D ∈ Der(n) we obtain
c = −
3
2
εε¯1ε¯2.
From [e1, v1] = u1, if D ∈ Der(n) we obtain
c = −
1
2
εε¯1ε¯2.
Therefore D ∈ Der(n) if and only if
c = εε¯1ε¯2 = 0.
But this is impossible.
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